Abstract. We consider fiber reinforced composites where both the matrix and the fibers are ideally plastic materials. We restrict our attention to microstructures and applied stresses that lead to both microscopic and macroscopic antiplane shear deformations. We describe a bound we have recently obtained on the yield set of the composite in terms of the shape of the fibers, their volume fraction, and the yield set of the matrix. We construct examples of composites showing that our bound is essentially optimal.
Introduction.
The stresses that an ideally plastic material can withstand form a bounded closed setȲ in the space of symmetric 3 × 3 real matrices. The setȲ, which is a material property, is called the yield set or strength domain. Unlike brittle materials, ideally plastic materials do not break. When subjected to a stress that is in the boundary ofȲ, the material experiences a permanent deformation, usually called plastic deformation.
Fiber reinforced composites are materials made of solid fibers embedded in a weaker solid referred to as the matrix. We consider in this paper fiber reinforced composites where all the fibers are made of the same ideally plastic material. We denote byȲ f the yield set of the material the fibers are made of. We also assume that the matrix is made of an ideally plastic solid with a different yield setȲ m . Thus, the stresses within the fibers are restricted to the setȲ f , but within the matrix the stresses are restricted to the setȲ m . More precisely, we denote by Ω the region in space occupied by the composite; for each x ∈ Ω, we definē Then, if the composite is subject to a stressσ that may vary within the material σ =σ(x), we haveσ (x) ∈Ȳ x (1.2) for all x ∈ Ω. We will only consider time independent stressesσ, and thusσ also satisfies the equilibrium equations ∇ ·σ = 0, (1.3) where ∇ ·σ is the divergence ofσ.
Loosely speaking, the microstructure or microgeometry of the composite refers to the description of the regions in space occupied by the fibers and the matrix. More precisely, the microstructure is determined by the function x →Ȳ x .
Assume the microstructureȲ x is periodic with period cellQ, whereQ is a parallelepiped. A stress fieldσ is said to be admissible if it isQ-periodic and satisfies the restrictions (1.2) and the equilibrium equations (1.3). In the limit in which the size of the period cellQ is much smaller than the size of the material Ω, the composite behaves macroscopically as a homogeneous material that can withstand only the stresses that belong to the setȲ hom defined bȳ Y hom = {τ :τ = σ for someσ admissible} , (1.4) where σ is the average ofσ, i.e., σ = |Q|
−1
Qσ (x) dx with |Q| being the volume ofQ. In other words,Ȳ hom is the set of macroscopic stresses that the composite can withstand. We will refer toȲ hom as the yield set of the composite. The justification of (1.4) is a well-understood fact of the theory of homogenization. We refer the reader to [4, 7, 10, 30, 53, 59, 60, 61] for more details.
In practice, all the details of the microstructureȲ x are not known or cannot be controlled. Instead, only some partial information, such as the volume fraction of the fibers, is available. Accordingly, the general objective in the mathematical study of these types of materials has been to obtain bounds or estimates onȲ hom , the set of stresses the composite can withstand, in terms of the yield sets of the matrix and the fibers, and information that may be available about the microstructure. This is also our goal in this paper.
Fiber reinforced composites, where both the fibers and the matrix are (to a good approximation) ideally plastic, are very important and widely used in applications. Thus, their study, both theoretical and experimental, is a very active field of research.
From a mathematical point of view, fiber reinforced composites belong to the wider class of materials known as heterogeneous solids, which include composites and polycrystals. The same mathematical tools are sometimes used to study different heterogeneous solids. Ideally plastic materials are highly nonlinear. Nevertheless, heterogeneous materials made of ideally plastic pure phases (the fibers and the matrix in our case) have proved to be amenable to detailed mathematical analysis. Thus, their study is very appealing since it can serve to test the existing mathematical methods, to develop new ones, and to gain intuition on the behavior of real materials. For the reasons mentioned in this and the previous paragraphs, the literature on the mathematical study of heterogeneous materials made of ideally plastic pure phases is very extensive. Some examples include [1, 2, 3, 13, 14, 15, 16, 51, 18, 19, 21, 22, 23, 25, 28, 29, 56, 43, 44, 45, 46, 48, 49, 54, 62, 67] . Examples of related nonlinear homogenization problems include [42, 64, 68] .
In our work, we will study the effect of the fiber shape on the yield set of the composite in the scalar two-dimensional problem that results from restricting our attention to applied stresses and microstructures that lead to both microscopic and macroscopic antiplane shear. More precisely, after we describe a bound we have recently obtained on the yield set of the composite [20] , we will construct examples of composites showing that our bound is essentially optimal. We stress that the contribution of this paper is not the bound described in section 3, as the derivation of this bound has already been published [20] . The contribution of this paper is to show that this bound is in fact sharp.
We mention that, while our results are completely new, the yield set of fiber or Downloaded 08/22/12 to 130.207.146.107. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php particle reinforced composites has been studied [26, 5, 8, 9, 6, 11, 12, 24, 33, 27, 31, 32, 34, 35, 36, 37, 38, 47, 50, 52, 55, 57, 58, 63] .
Our bound can be considered to be an application of a mathematical technique known as the translation method [41, 65, 66] . Other examples where the translation method was used to study nonlinear composites or polycrystals include [17, 29, 18, 39, 40] . Particularly, the work in [29] has motivated a lot of work in this area of research.
This paper is organized as follows: In section 2 we reduce the original threedimensional vectorial problem to a two-dimensional scalar problem by considering applied stresses and microstructures that lead to both microscopic and macroscopic antiplane shear. In section 3 we describe our bound on the strength of the weakest direction of the composites we consider. In section 4 we analyze the case when the cross section of the fibers are circular. In section 5 we study composites with fibers with slender cross sections. In section 6 we show that our bound (in a sense specified in that section) is sharp. We conclude with some discussions in section 7.
2. The microstructures and antiplane shear. As usual, we denote by x 1 , x 2 , and x 3 the components of the position vector x, i.e., x = (x 1 , x 2 , x 3 ). We assume that the fibers are parallel to the x 3 -axis and the cross sections of the fibers (intersection of a fiber with a plane of the form x 3 = constant) are independent of x 3 . In other words, the function x →Ȳ x is independent of x 3 . Note that, as a consequence, the period cellQ is of the formQ = Q × [a, b], where Q is a parallelogram in R 2 and a and b are any numbers that satisfy a < b.
We also assume that the yield setsȲ f andȲ m are convex sets with the following symmetric property:
This assumption is not restrictive at all. We refer the reader to [29] and the references therein for a discussion of this symmetry condition.
Due to our assumptions, the two-dimensional scalar problem that corresponds to antiplane shear is well defined. More precisely, for i = f, i = m, and i = hom, we define the sets
and the equilibrium equations
where ∇ · σ is the divergence of σ in two dimensions. Downloaded 08/22/12 to 130.207.146.107. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php It can be easily shown that, given the conditions stated in this section, Y hom = {τ : τ = σ for some two-dimensional admissible vector field σ} , (2.6) where σ is now the two-dimensional average of σ, i.e., σ = |Q|
σ(x) dx with |Q| being the area of Q.
All the vector fields we will consider in the rest of this paper are two-dimensional. The two-dimensional sets Y f , Y m , and Y hom will also be referred to as the yield sets of the fibers, the matrix, and the composite, respectively.
We will assume that the sets Y f and Y m are circles centered at the origin with radii Y f and Y m , respectively. Thus, defining
we have that a vector field σ is admissible if and only if σ is Q-periodic, σ(x) ≤ Y x for all x ∈ R 2 , and ∇ · σ = 0, where . denotes the euclidean norm, i.e., (
Note that divergence-free vector fields can be regarded as the velocity field of an incompressible fluid. Thus, in the rest of this paper, we will sometimes refer to two-dimensional divergence-free vector fields as stresses and sometimes as fluid velocity fields.
Bound on the weakest direction of the yield set of the composite.
We will refer to the cross sections of the fibers as the inclusions. In other words, the inclusions are the connected components of the set {x ∈ R 2 : Y x = Y f }. For any inclusion I, we will assume in the rest of this paper that the number of points that belong to the boundary of I and also to the boundary of any other inclusion is finite.
We denote by ν the volume fraction of the inclusions, i.e., ν = |{x ∈ Q and x ∈ an inclusion}| |Q| .
For each inclusion I we denote by P I its perimeter, i.e., P I is the length of the boundary of I. We define the parameter
When reinforcing a material, it is usually desirable that the material is strong in all directions. Thus, it is of interest to evaluate the strength of the weakest direction of the composite. Our bound will in fact be a bound on the strength of the weakest direction of the composite (the word strength here is used in an informal way 
where ν is the volume fraction of the inclusions and η is as defined in (3.2).
Composites with circular inclusions.
The square of the perimeter of a circle divided by its area is equal to 4π. Thus,
if all the inclusions are circular, (4.1) where η is the parameter defined in (3.2). As a consequence, our bound (equation (3.4)) becomes
if all the inclusions are circular, (4.2) where, as before, ν is the volume fraction of the inclusions. In particular, since 0 < ν < 1, we have that Note that, no matter the strength of the inclusions, if they are circular, the strength of the composite is never more than √ 2π times the strength of the matrix (again the word strength is used informally, but its meaning in this context should be clear). We remark that the fact that the yield set of a composite with circular inclusions is bounded independently of the yield set of the inclusions is not our discovery but is a well-known fact (see [47, 63] for example).
Composites with slender rectangular inclusions.
Our bound suggests that, to obtain strong composites, we should use inclusions that lead to a large parameter η. As illustrated in the next example, η becomes large when the inclusions are slender.
A natural choice would be to consider elliptical inclusions. However, to make the calculations easier to follow, we will assume the inclusions to be rectangular. For each inclusion I, let γ I be the length of one of the longest sides of I divided by the length of one of the shortest sides of I. Assume that γ I is the same value for all inclusions I. Denote this value by γ, i.e., γ = γ I for any inclusion I, γ = length of longest side of an inclusion length of shortest side of the same inclusion .
Note that the square of the perimeter of one of these rectangular inclusions divided by its area is equal to 4(γ + 1)
2 /γ,
where η is the parameter defined in (3.2 To be under the assumptions of our analysis (section 3), we assume that the boundary of two different inclusions intersect at most at one point. We are particularly interested in the limit γ 1. Note that η ≈ 4γ for γ 1. As a consequence, our bound (equation (3.4) where, as before, ν is the volume fraction of the inclusions.
The natural question that our analysis raises is whether the bound of (5.3) is sharp or not. To show that the answer to this question is yes, we next construct a composite with rectangular inclusions whose weakest direction is of the order of Y m √ νγ.
Composite with slender rectangular inclusions that is strong in all directions.
We start by considering the composite of In Figure 6 .2 we show a rectangular stripe of length L and width W made of the composite of Figure 6 .1, where the dimensions of the stripe are much bigger than the dimensions of the inclusions L and w W , and the longest side of the inclusions are parallel to the longest sides of the stripe. More precisely, W = (2n + 1/2)(w + ε) and L = (n + 1/2)( + ε), where we assume n 1. Thus,
where, as defined in (5.1), γ = w/ . In the example of Figure 6 .2, n = 3. Following similar arguments as in the construction of the flow in Figure 6 .1, we construct, in Figure 6 .2, a new fluid velocity field, which we also call σ, that satisfies the constraints (2.4) and (2.5) such that fluid enters the stripe from the left side, fluid leaves the stripe from the top side, and no fluid crosses the other two sides. The rate at which fluid enters the stripe in Figure 6 .2 is the same as if the flow were as in Figure 6 .1. Thus, from (6.1), we have rate at which area of fluid enters the stripe in Figure 6 .
In Figure 6 .3 we construct a periodic composite. That figure shows a period cell. The stripes seen in Figure 6 .3 are as in Figure 6 .2, but instead of being straight rectangles, these stripes are curved. Note that all of these stripes are finite in length. Note also that the inclusions are much smaller than the stripes and cannot be seen in Figure 6 .3. To help the reader visualize this microstructure, we have shaded one of the stripes black.
Our goal final is to show that, for the composite of Figure 6 .3, we can construct admissible fields σ that satisfy σ ≈ (Y m /2) γν/2(±1, ±1), where as mentioned before γ = /w. This and the fact that Y hom is convex implies that, for the composite of Figure 6 We now proceed with the construction of the mentioned admissible fields. More precisely, we will construct an admissible field σ such that σ ≈ (Y m /2) γν/2(1, 1) (the other fields with average (Y m /2) γν/2(±1, ±1) are constructed similarly).
To avoid a very crowded figure, in Figure 6 .4 (left) we only show two half stripes. These two half stripes are part of the stripes in the upper left corner of Figure 6 .3. Even though the stripes are not rectangles, since the bending of the stripes occurs in a length scale much larger than the length of the inclusions (which are not seen in this figure) , we can use similar arguments as in Figure 6 .2 to construct the flow displayed in Figure 6 .4 (left). The arrows indicate the average direction of the flow when the flow is looked at in the scale of the stripes. If we were to look at the details of the flow in the scale of the inclusions, the flow would look like Figure 6 .2 (bottom). Let W be the width of a stripe and let L now be the length of half a stripe; from the arguments in the discussion of Figure 6 .3, we need W/L ≤ 2w/ = 2/γ so that this flow satisfies the constraints (2.4) and (2.5). Thus, we will have
where L = length of half a stripe and W = width of a stripe. show it here, fluid flows similarly in the rest of the period cell. Fluid flows from stripe to a neighboring stripe so that, on average, fluid flows in the direction of the vector (1, 1).
We now compute σ for the flow of Figure 6 Since fluid enters through the two stripes that intersect the left side of the period cell, (6.3) implies
where we recall that W is the width of each stripe. Recall also that L is half the length of each stripe. In the limit in which the size of the inclusions is much smaller than the size of the stripes, we can fill most of the stripes with inclusions. Thus, since there are four half stripes in a quarter of the period cell, we have ν ≈ 16W L q 2 . (6.9) Finally, (6.6), (6.8), and (6.9) imply σ ≈ Y m νγ 8 (1, 1). (6.10) 7. Discussion. In the two-dimensional scalar context of this paper, we have shown that a bound introduced in a previous work [20] is essentially optimal.
The effect of the inclusions in particle reinforced composites was also studied in [34, 35] . In that work, the authors studied the effect of the shape of the inclusions. They considered the three-dimensional problem with inclusions being ellipsoids in which the lengths of two of the semiaxes are equal; i.e., they considered spheroid Downloaded 08/22/12 to 130.207.146.107. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php inclusions. They use a well-known and powerful variational method introduced in [44, 45] and obtained very interesting results.
Let a, b, and c be the lengths of the semiaxes of the ellipsoid inclusions. In the work [34, 35] , it is assumed that a = b. The particular case of aligned inclusions and the limit of c → ∞, which the authors do consider, corresponds to fiber reinforced composites with circular cross sections. In this work, we are attempting to uncover the effect that the shape of cross sections has on the yield set of the composites, particularly slender cross sections. Thus, a comparison of our work with that of [34, 35] would be premature. However, it would be interesting to apply the variational method used in [34, 35] to the case when all three lengths of semiaxes are different a < b < c and then take the limit c → ∞. This corresponds to fiber reinforced composites with elliptical cross sections, and a detail comparison with the results of our work could be made.
